INTRODUCTION
Let p be a rational prime. Let C be the Fermat curve defined by the equation over a finite field k = GF(q) of q = pS elements, where f is the smallest integer such that pt ~ 1 (rood m). C has genus g = (m --1)(m --2)/2. Denote by J the Jacobian variety of C. We may assume that J as well as the canonical embedding C --~ J are defined over k. Let J~ be the kernel of multiplication by n ~ ~d on J onto itself. It is well known that for n = pv, J~v is a group-scheme and the inductive system (J~v, iv) with the obvious inclusion iv, forms the p-divisible group J(p) of dimension g and of height 2g (Tate [12] ). There is a eontravariant functor V v associating to each p-divisible group its Dieudonn6 module; Vv defines an antiequivalence of categories. Let /~ be the algebraic closure of k. Let W (resp. W) be the ring of infinite Witt vectors over k (resp. ~) and let L (resp. [,) be the field of quotients of W (resp. W). (So W is the ring of integers in the absolutely unramified complete extension field L of Qv .) Let W [F, V] be the noncommutative ring with the indeterminates F (the Frobenius morphism) and V (the Versehiebung morphism) subject to the relations where Wn denotes the nth Witt group-scheme, G~.~ the multiplicative group scheme over/~, and ~ = Gal(]~/k) the Galois group of/~ over k. T~,(J(p) ) is a left W[F, V]-module, W-free of rank 2g (see Demazure [2] , Manin [6] , and Oda [8] ). Put
V~(J(p)) = T~(J(p)) @wL.

Then V~(J(p)) captures a structure :of a left L[F]-module of rank 2g; it is the Dieudonn6 module of J(p). Over the algebraic closure k, v~,(j(p)) (-.~T~(J(p)) (~wL)
can be expressed as a direct sum:
t [1] and Manin [6] .) In this paper, we shall first determine completely the structure of the isogeny class of the p-divisible group J(p), equivalently, the structure of the Dieudonn6 module V~(J(p)) (over k) up to isomorphism, and then we shall discuss how much of the global (algebraic) structure of the Jacobian variety J of C, up to isogeny, can be recovered from the local (formal) one, namely, J(p).
V~(J(p))(----T~(J(p)) (~w E) -~ (~)
Well [16, 17] has computed the zeta function of C. The eigenvalues of the Frobenius endomorphism of J are expressed in terms of the Jacobi sums. Jacobi sums are certain sums of roots of unity. On the basis of the papers of Well, we shall look closely into the Jacobi sums for the ruth cyclotomic field K~¢ ~ Q(eZ"i/*"), in particular, their prime ideal decompositions. The theoretical basis of the work is collected in Section 2, where we illustrate the main ideas and develop the techniques to determine the structure of the isogeny class of J(p), and also the algebraic (global) structure of J, up to isogeny. The theory is then applied in Sections 3, 4, and 5. We shall summarize the main results here. Let f be the decomposition degree of p in K,~. Then the local structure of the Jacobian variety J of C, i.e., the isogeny type of J(p), is essentially de-
Notations and Terminology
1. The symbols N, 7/, Q, R, and C denote, respectively, the set of natural numbers, the ring of rational integers, the field of rational numbers, the field of real numbers, and the field of complex numbers. For a rational prime p, ~7~ and Q~ denote the ring of p-adic integers and the field of p-adic numbers, respectively, and we let ~ denote the integral closure of 2~v in the algebraic closure Qv of Q~. All valuations used in this paper are additively written.
2. An abelian variety is said to be elementary or simple if it has no nontrivial abelian subvariety. 4. The Hasse-Witt = Cartier-Manin matrix A of the Fermat curve C : X "~ + Y" = 1 over k = GF(q) is a (g × g) matrix with elements in k, which is the matrix representation of the Cartier operator with respect to the first-kind differential 1-forms on C over k (Nfanin [7] , cf. Hasse and Witt [3] ). Any differential 1-form ¢o of the first kind on C over k is expressed as 
co = Y-("~-I)PY("~-I)~-('~-I)R(X, Y)dX = Y-(~-I)~Q(X, Y) dX.
Then the Hasse-Witt --~ Cartier-Manin matrix A is obtained by applying the Cartier operator to the canonical basis ~. In fact, to get A, it suffices to compute the coefficients of R(X, Y)~X ~-1 in Q(X, Y) (because all other terms are exact differentials and hence are annihilated by the Cartier operator).
5. We employ the notations and definitions of Manin [6] for the formal groups Gl,o, G1.1, and G,,~,** -[-G~. m . Go. 1 denotes the constant p-divisible group (Q~/72~).
JACOBI SUMS AND THE p-DIvISIBLE GROUPS J(p) ARISING FROM FERMAT CURVES
For any rational integer m /> 3, let ~m ~-e2"i/m be a primitive mth root of unity and put K~ = Q(~). Then K m is the mth cyclotomic field over Q of degree ¢(m), where q~ is the Euler function. If t is any rational integer prime to m, ~m --+ ~,J determines an automorphism at of K~ over Q and the Galois group G of K~, over Q consists of all at: G = {at: ~,, ~ ~ I (t, m) = 1, t mod m).
Therefore G is isomorphic to the multiplicative group (Z/mZ) × of rational integers prime to m modulo m.
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Let p be a prime ideal in Kin, prime to m. Put q = Np. Then q ~ 1 (mod m). We may assume that q ----pf, where f is the smallest positive integer such that pl ~ 1 (mod m). So f is the decomposition degree ofp in K~. We denote by k a finite field GF(q) with q = pl elements. Now we shall study the Jacobi sums for the field k = GF(q). We recall some facts on the Jacobi sums for k from the papers of Weil [16, 17] . Let k* denote the multiplicative group of k. Let w be a generating element of k*, which may be any (q --1)th root of unity such that
We choose such an element w once and for all and let X be the character of k* determined by
Then X is a multiplicative character of order m of k*. Let 9I~ denote the set of all vectors defined as follows:
It is easy to compute the number of elements in 9~m, and in fact, the cardinality of 9.I,~ = (m --1)(m --2) = 2g.
(2.1) DEFINITION (Weil [17] ). For any a ~lm, the Jacobi sumj(a) for k is defined by
The Jacobi sum is an algebraic integer in Km with the absolute value Ij(a)l = ql;~. Now we shall be concerned with the prime ideal decomposition of the Jacobi sums. This problem was first considered by Stickelberger in [11] . Let p be a prime ideal in Km such that dVp = q = p& Then the prime ideal decomposition of the Jacobi sumj(a) is given as (j(a)) = p,~Ca), (2.2) where co(a) is the element of the group-ring of G defined by
with a, ~ G such that at(~) = ~ and (A) denotes the "fractional part" of the real number A ~ R, defined as (A) = A --[A], where [A] is the "integral part" of A (see Weil [16, 17] 
Proof. Note first that the set ~I,,, is closed under multiplication by any element ti ~ G mod H. We know that the Jacobi sumj(a) is an algebraic integer in Km such that b j(a)l z = j(a)j(a) = pJ, where j(a) denotes the complex conjugate of j(a). Now the prime ideal decomposition of j(a) = pt/j(a) can be deduced from Lemma (2.6): defined over a finite field k ~-GF(pO, where (p, m) = 1 andpf is the least power ofp such that pl ~ 1 (mod m). Weil [17] has determined the zeta function of C. The eigenvalues of the Frobenius endomorphism of the Jacobian variety J of C relative to k are expressed explicitly in terms of the Jacobi sums of k. Here we shall determine the structure of the p-divisible group J(p) associated to the Jacobian variety J of C, by investigating the p-adic decomposition of the Jacobi sums and their p-adic orders. Proof. By Weil [16, 17] , the zeta function Z(U) of C is expressed in terms of the Jacobi sums for k:
Let ~r(=F s) be the Frobenius endomorphism of J and J(p) relative to k and let P(U) be the characteristic polynomial of the p-adic representation of ~r in the Dieudonn6 module V~(J(p)). P(U) has the Jacobi sums as its roots: 
Pc(U) : ~ (U ---ri)
Since P(U) also has, together with any p-adic root ~-, a p-adic root q/r, the number of the p-adic roots with v(~-) ----c is the same as the number of those with v(~-) f --c (cf. Lemma (2.7)), so r e = rl_ e . Hence P(U) can be factored in 77~[U] as
P(U) = [I Pc(U) PI-e(U) " PI/~(U).
O~e~f /2
Hence the Dieudonn6 module V~(J(p)) (= T~(J(p)) @wL) is isomorphic to the module of the form
Therefore the p-divisible group J(p) is isogenous to a formal group of the form
Now we investigate the algebraic (global) structure of the Jacobian variety J of C up to isogeny. Proof (cf. Tate [13] or Waterhouse and Milne [15] ). Suppose that P(U) = Q(U) ~ with Q irreducible over Q, so ag is a division algebra of dimension e 2 over its center q~. Corresponding to the p-adie factorization of Q(U): 
where 
Q~ --+ nndL[F](V~(J(p)))
is an anti-isomorphism. So it follows from this fact that Br(q)) and the central simple algebra V v have the same invariant. Whence the result. |
THE STRUCTURE OF J(p) UP TO ISOGENY: THE CASES OF f EVEN
In this section, we treat the cases where the decomposition degree f of p in Km is even. Our discussion is divided into the following two cases: (iv) ~ (ii). For m ~> 4, this is the special case (r ----l) of Proposition 3.5 of Shioda and Katsura [10] . For m = 3, q~(3) ----2 and there are two kinds of primes: p~l(rnod3) (f= 1) and p~2 (mod3) (f=2 and p+ 1~0 (mod 3)). If p ~ 1 (mod 3), H ----{1} and Au(a) @ 1 for a = (1, 1, 1). Hence if An(a)= 1 for all a e 9213 , then p must be ~2(mod3 
for every a ~ 9.Ira, and hence
for every a c 9~ m .
(i) <:> (ii). Assume (i). Then P(U) has the p-adic factorization in Z~[U] as 20 20 P
where xi are p-adie units. So
Hence the Newton polygon 91(P) has only one nonvertical segment with slope --f/2. The converse is trivial.
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(ii) <:~ (iii). This is a reformulation of Theorem 4.1 of Manin [6] in terms of the Newton polygon 91(P) of P(U).
(iii) <:> (iv). By the definition of G1,1 (cf. Manin [6] ), the Dieudonn6 module of Ga,1 is isomorphic to the module When J(p) ~gGl,1, J is said to be supersingular.
The algebraic (global) structure of a supersingular Jacobian variety J of C up to isogeny is determined completely from its formal structure, i.e., J(p). 
(
ii) For some s E M, let k, denote the finite extension of k of degree s. Then the local invariant of the endomorphism algebra ~¢~ of J × ~ k~ is given by invv(~¢~) ~ ½ (mod Z)
for all primes v in the center of 4 .
(iii) J is isogenous to the direct product of g copies of a supersingular elliptic curve E over some finite extension k~ of k.
Proof. (i) ~ (ii). For every a ~ 9~, the Jacobi sum j(a) is an algebraic integer (which is the eigenvalue of the Frobenius endomorphism ~-of J and J(p) relative to k) with v(j(a))= f/2 ~ 7L So some power of j(a) becomes rational. Let s ~ ~ be the smallest integer such that for everyj(a), its sth power becomes rational: j(a) = _pSi~2. We make a base change and look at the structure of J over the finite extension k~ of k of degree s. Then by Theorem (2.9), the local invariant of the endomorphism algebra ~¢~ = End(] × k k~) (~)z Q can be computed; in fact, we have (ii) => (iii)(cf. Tate [13] and Waterhouse [14] ). As the least common denominater of all the inv.(a/~) is 2, there exists a supersingular elliptic curve E over k~ such that the characteristic polynomial of ~r ~ of E is (U --pfs/2)2. And ~¢~ is isomorphic to the full matrix algebra of degree g over the quaternion algebra End (E) (~z Q. Hence J is isogenous to g copies of a supersingular elliptic curve E over k~. (;oooo;) (; OOLO; ) oooo; oooo A= 000--1 A= 0000 0000 0000 0000 0100 0000 --2000
Case 2
Now we confine our attention to the rational primes p such that the decomposition degree f of p in Kr~ is still even, but pl/2 + 1 ~ 0 (mod m). At the moment, I am unable to construct a Fermat curve with J(p) of the prescribed form, but J k-simple.
THE STRUCTURE OF J(p) UP TO ISOGENY: THE CASES OF f ODD
In this section, we shall investigate the cases when the decomposition degree f of p in K,~ is odd. We again divide the discussion into the following two cases. 
Proof. (i) *> (ii) ~ (iii). Obvious. (iii) <=> (iv). By Lemma (2.5), (iii) implies that
(iv) J(p) is isogenous to a formal group of the form J(p) ',~ g(G1. o + Go.a). (v) The Dieudonnd module V~(J(p)) (= T~(J(p)) @~ L) is isomorphic to the module g g v~(J(p)) ~ (/~[F]/£[F](F_ p)) @ (£[F]/E[F](F_ 1))"
When this holds true, we say that J is ordinary. 
Proof. (i) ~ (ii). Put t = (m -
-
[t t--(m --
NORIKO YUI
Here (~) denotes the binomial coefficient. We see that a~i :~ 0 (modp) for all i. So det A ~ 0 (mod p). Hence A is nondegenerate and hence has rank g.
(ii) ~ (iii). By Manin [7] , we have
where Ig denotes the (g × g) identity matrix. Now (ii) asserts that the coefficient of U ° of P(U) is a p-adic unit. Hence 91(P) has the shape illustrated in Theorem (4.2(iii)).
(iii) ~ (iv). This follows immediately from Theorem 4.1 of Manin [6] .
(iv) -~ (v). By the definition, G1, 0 = G~(p) (resp. Go, 1 ~--(Q~/2~v)) where G~(p) (resp. (Q~/Z~)) denotes the multiplicative p-divisible group of dimension 1 and of height 1 (resp. the 6tale p-divisible group of dimension 0 and of height 1). The corresponding Dieudonn6 module Vv(GLo + Go,a) is isomorphic to ® i))"
Hence it follows that the Dieudonn6 module V~(jr(p)) of J(p) is isomorphic to the module described in (v). (v) ~ (i). P(U) is the characteristic polynomial of the representation of ~r (=FJ = F) with respect to V~(jr(p)). Hence P(U) has g p-adic unit roots and the other g p-adic roots with order 1. This gives condition (iii) of Proposition (4.1) and hence (i). II
The algebraic (global) structure of an ordinary Jacobian variety J of C up to isogeny can also be determined completely from its formal completion jr(p). 
Proof. (i) <¢-(ii)
. By Satz 10 of Hasse and Witt [3] (see also Serre [9] ), the number of the rational points of order p on jr defined over/~ is equal to po. Hence J(19) is isogenous to the formal group 28(G~, 0 + Go,l) and Jis an ordinary abelian variety.
Case 2
Now we are going to discuss the cases in whichfis odd andf > Proof. Since f/2~Z, we see immediately from Lemma (2.5) that there exists no vector a ¢ ~ra such that An(a) = f/2. So G1,1 is not a component of J(p). Moreover, from Theorem (4.2), we can deduce that r 0 :# 0 for at least one c, where 0 < c < [f/2]. Hence J(p) has the isogeny type as described. | The algebraic (global) structure of the isogeny class of J is described in the following theorem.
(4.8) THEOREM (cf. Tate [13] ). Under the conditions of Theorem (4.7),
suppose that P(U) = Q(U) e with ~ irreducible over •. Then e coincides with the greatest common divisor of all the numerators of the local invariants inv,(d), and d has index f /e and J becomes isogenous to the direct product of e copies of a k-simple abelian variety of dimension g/e. In particular, if the numerators of inv,(d) are relatively prime, then J is k-simple.
Proof. Since there is no real prime in ~, the numerators of the local invariants are paired off as (c,f --c) for 0 ~ c < [f/2]. Iffis a prime number, the greatest common divisor of all the numerators of inv~(~) is obviously equal to 1, while if f is a composite odd number, it is possible that the greatest common divisor of all the numerators of invv(d ) becomes greater than 1. In any event, by the theorem of Tate in [13] , the greatest common divisor of all the numerators of invv(~ ¢) gives the period of d in the Brauer group Br(q3) of q~, whence it coincides with e. Thus J becomes isogenous to e copies of a k-simple abelian variety, and in particular, if e = 1, J is k-simple. | (4.9) EXAMPLE. Consider the Fermat curve C : X 7 + y7 = 1 over a field of characteristic p ~ {2, 3, 11}. K 7 = Q(e 2"i/7) has degree ~(7) = 6 over Q and for each p, p3 = 1 (mod 7). So f = 3. The Galois group G of K 7 is isomorphic to {1, 2, 3, 4, 5, 6} and its subgroup H is the set {1, 2, 4} and G mod H = Ht I -}-Ht 2 with t 1 -----1 and t 2 = 3. C has genus g = 15 and the set ~ [ By changing the variables, we obtain the algebraic curve C o . It is easy to see that the genus go of C o is a divisor of the genus g of C.
We shall investigate the relationships of the p-divisible groups arising from C o and C. As Po(U), always together with a root r, has the root q/r, the assertion follows from Theorems (3.2) and (4.2) and Remark (4.12). | (6.2) EXAMPLE (cf. Honda [4] ). Consider the hyperelliptic curve C O defined by the equation Co : y2 = 1 --X t, l odd prime, over a finite field k of characteristicp > 2 and p V: l. C O has genus go = (l --1)/2.
We take k to be the finite field GF(pO, where pl is the least power ofp such that and by Theorem (6.1), Jo(P) inherits the structure of f(p). 
